Effects of non-uniform external force fields which vary in one direction, say, along the z-axis, on critical phenomena are studied in a general way. Nature of critical phenomena depends crucially on a type of the spectrum of a one-dimensional eigenvalue problem besides the symmetry breaking nature of the force. In particular, if the external potential maintains the symmetry of the order parameter and the lowest eig<cnvalue is isolated, there is a crossover from the d-dimensional bulk critical phenomena to the d -1-dimensional surface critical phenomena. On the other hand, if the external potential breaks the symmetry, a sharp phase transition disappears as for the liquid-gas transition under the gravitational field. The cases with periodic external potentials are also discussed. § I. Introduction
The fact that a critical point 1s a point of marginal stability makes a system at the critical point susceptible to the smallest of external force fields. Indeed a small force field like gravity is now known to have rather important effects on fluids near the gas-liquid critical point and extensive investigations have been devoted to this subject. 1 l On the other hand, most past studies are concerned with the so-called extrinsic effects vvhere at each point in space the system can still be treated as a uniform system with locally detennined thermodynamic variables.!) However, as a critical point is approached, one eventually reaches a situation where the correlation length of critical fluctuations changes appreciably over a distance of the correlation length itself.n Despite accessibility of such a nonlocal regime, *J very little effort has been made to delve into physical properties of a system in this new regime.
In this paper we set out to deal with the intrinsic effects of an external force on the critical behavior. In the next section we present a general theory together with a discussion of the possibility of dimensional cross-over. In the third section we illustrate the general theory by simple examples. The theory is formulated in a rather general way that can include interfaces and semi-infinite systems as well. § 2. General theory
Here we consider a d-dimensional system described by the following Wilsonlike Hamiltonian with a scalar order parameter S (r) measured from its average value at criticality without external forces:
where u>O and an external force acting in the z-direction is introduced through the potential function U(z). For the sake of generality we have also added a term with V(z) which is often used to simulate effects of system boundaries.
The average order parameter profile <S (r)) is computed by averaging S (r) with the weight e-H and is a function of z only. We then split S (r) as
S' (r) being fluctuation with zero average. Correspondingly, the Hamiltonian splits into a part H 11 containing fluctuations and the remainder. We obtain after integrating by parts with the boundary conditions S' (r) = 0 at z = ± oo, *l where the "potential function" (jj (z) is given by
Although we have used the notation of discrete eigenvalue spectrum, this need not be the case depending on the form of (S). Use of the eigenfunction expansion where rp is the gradient operator in the d-1-dimensional subspace and we have suppressed arguments p in S~"~1 (p). This last result explicitly demonstrates that a d-dimensional system with a scalar order parameter under an external force field can be mapped onto a d -1-dimensional system with multiple order parameter fields at least for the cases of discrete eigenvalue spectra. In the presence of continuous spectra, of course, the reduction of dimensionality is only apparent.
Let us now consider a few illustrative examples of physical interest.
(
The only non-trivial case 1s the one with a phase boundary parallel to the xy-plane. Here the mean field theory suggests the existence of two discrete nondegenerate eigenvalues below (u/2) S/ ( ( -u/6) S/ and (u/12) Se" in the mean iield theory) and the doubly-degenerate continuous spectrum above (u/2) S/ where Se is the average order parameter of the uniform state. 2 > Here these eigenvalues collapse to zero as the criticality is approached, and hence all the eigenvalues should contribute to the critical behavior of the order parameter profile and the correlation of fluctuations beyond the mean field theory where of course no reduction of spatial dimensionality takes place. 2 ) (2)
Here again the situation can be inferred from the mean field result. In this approximation the profile and the eigenvalue problem are identical to the case (1) except that the order parameter and its fluctuation should vanish for z<O. Thus only the odd eigenstates about z = 0 of the case (1) remain in this case. Thus we have one non-degenerate discrete eigenvalue at (u/12) S.' and a non-degenerate continuous eigenvalue spectrum above (u/2) S/. The same remark as in the case (1) applies to this case with respect to the critical bahavior. The case (2) can be generalized to include other kinds of potentials U and V. For instance, V (z) can have a deep valley around z = 0 to allow for a negative discrete minimum eigenvalue, say UJ0, which does not vanish at the bulk critical temperature. Then there is a surface critical temperature above the bulk critical temperature, which is determined by (2 ·16) and is associated with a phase taking place in the d -1-dimensional surface. Such a phase transition is already known and is called the "surface" transition. 3 > (3)
V(z) =0 and U(±oo)=fO
Here non-vanishing (S) is possible even above the bulk critical temperature because of the external field U(z). In this case (S)'>O as Z-'> ± oo and all the eigenvalues of (2·6) are positive: w">O. Thus from (2·9) or (2·15) we infer that the phase transition at the bulk critical temperature is likely to be absent.
The case of gravitational force will be described in § 3. Returning to the general case, an interesting question is, of course, how the nature of phase transition is modified by the presence of U (z) and V (z). At this moment we do not have a general answer and we only discuss two important special cases in the following:
(a) The lozoest eigenvalue uJ0 zs discrete and is necessarily non-degenerate!)
Here, as the temperature decreases, the A= 0 mode first becomes unstable.
All other eigenmodes will become irrelevant to the critical behavior provided that collapsing of eigenvalues does not take place as r~O as in the tvvo special cases, (1) and (2) 
This is just the Wilson Hamiltonian density of a d-1-dimensional system with the scalar order parameter S~0~1 • In the mean field approximation the "surface" critical temperature is determined by r+oJ0 =0 which, in fact, is still an implicit equation because uJ0 depends upon (S) which in turn contains r. The existence of a critical temperature, of course, depends on the existence of the solution of r+ W0 (r) = 0 at finite r.
(b) The lmuest eigenvalue r»o is the bottom edge of a continuous spectrutn.
This is the case if U (z) and V (z) are periodic, and then the spectrum has a band structure. 5 ) The critical behavior will be determined by the lowest band. Since collapsing of eigenvalues in the sense of the cases (1) and (2) is not expected here, the relevant part of H 1 L is obtained if only the eigenmodes belonging to this band are retained. Let us assume the following parabolic form for the lovvest band at least for small kz relevant for phase transitions:
The corresponding eigenfunction takes the form Hence we are permitted to use an approximation like where /1~2 is the average of /.lo (z) 2 over one period. We finally obtain
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we give expressions for the correlation of fl.uctuaUsing (2 · 5) we first find (2. 25)
Here we have supposed that the system has a cylindrical shape with the crosssectional area A perpendicular to the z-axis. For the case with the discrete lowest eigenvalue as in the case (a), (2 · 25) can be reduced near the criticality to s<o) (z) can be found by numerically integrating (3. 4) with !' = 0 and we can expect that s<o>sw<O because lSI will increase with decreasing !'. Since S'=S(O)' +2rs<o>s(!) + ... we have (3 ·9) where ~/ 01 (z) is the normalized eigenfunction of (3 · 5) with S = s<ol. We will have &5/ 1 l<O.
Away from r=O we introduce the change of variables asS= (u/6iri) 112 (S) and z = lrl 11 'z to obtain (ug'/6) 114 • (3 ·14) Thus, throughout the critical region u>0 + r is not likely to vanish and thus the gravitational force removes the liquid-gas phase transition. This fact can also be inferred from the fact that (3·1) does not allow more than one solution even for r<O which are connected by symmetry operations whenever g=/=0. Our result is shown to be consistent with the well-known fact that the gravitational force removes the divergence of capillary wave fluctuations.' 1 Next we present an example where symmetry of the order parameters is maintained by the external force. 
. Concluding remarks
In the preceding sections we have studied in a general way phase transitions of systems under external force fields which vary in one direction. Effects of an external field depend crucially on (1) the symmetry property of the external field in the order parameter space and (2) nature of the low-lying eigenvalues of the associated one-dimensional eigenvalue problem.
Our approach is general enough to include such problems as surface phase transitions and periodic external fields. Our theory can be readily generalized to the external force fields that can Finally we note that a problem somewhat related to ours has already been studied by Fisher and Au-Yang. 8 > They obtained some exact results on thennodyna-*> Another Airy function B, (x) divergers at x= co and should be excluded.
